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Since the conformal transformations of metric do not change its causal structure, we use these 
transformations to embed the Lemaitre metrics into the FRW background. In our approach, con¬ 
formal transformation is in agreement with the universe expansion regimes. Indeed, we use the 
Lemaitre metrics because the horizon singularity is eliminated in these metrics. For our solutions, 
there is an event horizon while its physical radii is increasing as a function of the universe expan¬ 
sion provided suitable metrics for investigating the effects of the universe expansion on the Black 
Holes. In addition, the physical and mathematical properties of the introduced metrics have well- 
defined behavior on the event horizon. Moreover, some physical and mathematical properties of the 
introduced metrics have been addressed. 


I. INTRODUCTION 

The universe expansion is described by Friedmann- 
Robertson-Walker (FRW) spacetime, 

ds'^ = -dt^ A- ^ ^ -I- (1) 

where, dH is the line element on the unit 2-sphere hyper¬ 
surface and k is the background curvature which points 
to flat, open and close universe for 0,-1 and 1, respec¬ 
tively. According to the standard cosmology, universe 
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can be expanded either as a power law a{t) = 
for w > —1 or exponentially a{t) = AexpHt for w = — 1 
(dark energy), depending on the equation of the state 
parameter oj = ^. Furthermore, for u; < — 1, known 
as Phantom dark energy, the scale factor increases as 
a{t) = A{tbr — t) . In the above statement, H{= ^) 
and tbr are the Hubble parameter and the Big Rip singu¬ 
larity time, when the expansion of universe ends catas¬ 
trophically and everything will ultimately decompose 
into its elementary constituents, respectively [ij. Some 
aspects of the conformal form of the FRW metric has 
been studied in Refs. ii- In this metric ^ = a{t)r is 
the physical radii in this metric and r is called co-moving 
radius. It is be mentioned that observations support the 
flat universe (fc = 0) [^. 

In order to And the effects of the universe expansion 
on local physics, McVittie derived a metric explaining a 
point-like chargeless particle in the FRW background @ . 
considering the perfect fluid concept together with the 
isotropic form of the FRW metric, the Mcvittie spacetime 
can be generalized to arbitrary dimensions and charged 
objects @,[3 • It is easy to show that the curvature scalars 
diverge at the redshift singularity and energy conditions 
are not satisfied [^. Also, the radii of the redshift sin¬ 
gularity depends on the background curvature (k) and 
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the mass and the charge are decreased by the expansion 
0. These failures are the unsatisfactory parts of these 
attempts and therefore, they may not provide a suitable 
metric for studying dynamical Black Holes (BHs) [Ml- 

Using perfect fluid concept in a non-static spheri¬ 
cally symmetric background and and considering the uni¬ 
verse expansion, one can find solutions including constant 
mass, charge and cosmological constant M- On one 
hand, the curvature scalars diverge on the redshift sin¬ 
gularity as the Mcvittie spacetime. On the other hand, 
the redshift singularity is independent of the background 
curvature contrary to the Mcvittie solution and its gen¬ 
eralizations. In addition. The first law of thermodynam¬ 
ics is satisfied on hypersurface with radii equal to the 
redshift singularity. In continue and just same as the 
Mcvittie spacetime, energy conditions are not satisfied 
near this hypersurface. Finally, like the Mcvittie space- 
time and its generalizations, it seems that these solutions 
are not suitable for studying dynamical BHs. Indeed, 
these two class of solutions may contain naked singular¬ 
ity which attracted more attempts to itself, since it was 
shown that the naked singularity can be considered as a 
possible source f or g ravitational lansing in astrophysical 
observations [l4l - [l^ . More studies in which the prefect 
fluid concept is used to derive the dynamic s phe rically 
symmetric solutions can be found in Refs. [lA fl^. 

In another approach, Einstein et al. tried to connect 
the Schwarzschild spacetime to the FRW spacetime on a 
timelike hypersurface as a boundary M- In this model 
the Schwarzschild spacetime explains the inner space- 
time where the FRW metric is used to describe the outer 
spacetime while junction conditions should be satisfied 
on the boundary [20l - l^ . Since the inner spacetime is il¬ 
lustrated by the Schwarzschild metric, these solutions do 
not include dynamical BHs. Moreover, these solutions 
satisfy energy conditions and are classified into a more 
general class of solutions named Swiss-Cheese models 0. 

It is shown that the conformal transformation does not 
change the causal structure of the spacetime . There¬ 
fore, it arouses considerable interests in order to find dy¬ 
namical BHs. Inspired by this property of the confor¬ 
mal transformation, some authors have considered the 
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Schwarzschild and Reissner-Nordstrom metrics in vari¬ 
ous coordinates and then they tried to lay these BHs 
into the FRW background by using conformal transfor¬ 
mation while conformal factor explains the universe ex¬ 
pansion [sl. [2§ - l^ . Indeed, this technique helps us find 
new metrics. Thakurta spacetime and its generalization 
to charged BHs, which include conformal Schwarzschild 
and Reissner-Nordstrom metrics in their original coor¬ 
dinates, can be classified into the one class of solutions 
that has gravitational lagrangian (Ricci scalar) confor¬ 
mal to FRW’s [m. Indeed, these solutions can be again 
classified into the more general class of solutions with 
special syinmetry and including conformal de-Sitter so¬ 
lutions [3, IsH- For these solutions, curvature scalars 
diverge at the redshift singularities which are null hyper¬ 
surface and they are expanding with time. The general¬ 
ization of the Thakurta spacetime to charged BHs does 
not satisfy energy condition where the Thakurta space- 
time satisfies the energy conditions out of the redshift 
singularity [3l|- Since, the Thakurta spacetime includes 
the conformal transformation of the Schwarzschild space- 
time and satisfies energy conditions out of the redshift 
singularity, it is now accepted that this redshift singu¬ 
larity may point to a dynamical BH [^, |3l| • It was also 
shown that the first law of thermodynamics is satisfied 
on the horizon of the Thakurta spacetime . Apparent 
horizon and its properties including temperature and the 
amount of energy which is confined to it can be found in 
Ref. mi. 

There is also a solution introduced by Sultana et 
al., which includes conformal transformation of the 
Eddington-Finkelstein form of the Schwarzschild metric. 
This solution does not satisfy energy conditions every¬ 
where out of the redshift singularity but curvature 
scalars do not diverge at the redshift singularity which 
make good sense about the nature of this singularity. Be¬ 
cause of the behavior of the curvature scalars and since 
this spacetime is just a conformal transformation of the 
Eddington-Finkelstein form of the Schwarzschild metric, 
it is now accrated that this spacetime may include dy¬ 
namical BH [§, HOl ■ 

Another solution has been introduced by M'^Clure 
et ah, which includes conformal transformation of the 
isotropic form of Schwarzschild satisfying the energy con¬ 
ditions everywhere Q . The generalization of this solution 
to the charged spacetime has also been investigated Q. 
It is easy to check that the curvature scalars diverge at 
the redshift singularity, where is a null expanding hyper¬ 
surface, which it seems unsatisfactory. Since these ob¬ 
jects are conformal transformations of isotropic form of 
the Schwarzschild and Riessner-Nordstorm metrics, they 
may point to dynamical BHs Q. 

In this paper, we firstly review some properties of 
Lemaitre metrics. Then, in order to study the effects 
of the universe expansion on a BH, we introduce confor¬ 
mal incoming Lemaitre spacetime and verify its physical 
and mathematical properties including redshift, the be¬ 
havior of the curvature scalars and energy conditions, in 


section H. In section HI, we use the conformal incom¬ 
ing Lemaitre spacetime to investigate the effects of the 
universe expansion on the horizon. In addition, we inves¬ 
tigate its physical and mathematical properties. Section 
IV is devoted to summery and conclusion. 

Throughout this paper, the metric signature we shall 

adopt is (H-), and we take h = c = G = 1 for 

simplicity. 


II. CONFORMALLY INWARD LEMAITRE 
SPACETIME 


The Schwarzschild line element as the stationary vac¬ 
uum solution of the Einstein field equations with spheri¬ 
cally symmetry can be written as 

dSg = ^ ^ dr"^ — r'^dQ'^, ( 2 ) 

where dfl^ = dO^+sin 9^d(p and rs = 2M are the line el¬ 
ement on the unit 2-sphere and the Schwarzschild radius, 
respectively [111 ■ In addition, M is the mass enclosed by 
radii rs, and Schwarzschild metric is only valid for r > rs 
while it is also undefined at horizon {r = rs). In order 
to eliminate the metric singularity at the Schwarzschild 
radius one can apply the following coordinate transfor¬ 
mations on the Schwarzschild coordinates (r, t) 


t = ±t±Jj^ 


-t + I 7^ 



( 3 ) 


These transformations are called the Lemaitre trans¬ 
formations eliminating the metric singularity at the 
Schwarzschild radii and therefore, the Lemaitre metrics 
are regular at the event horizon. It means that these 
metrics can be used to explain a particle moving freely 
in a given field [111 . Choosing the positive sign in ([3]) , the 
Lemaitre element for the freely falling particles becomes 


dSf^ = dP - —dr^ — r^dVP, (4) 

r 


where 


r = ^ 1 - ( 5 ) 

We should note that the metric O is non-stationary 
while the coordinates f and t are everywhere spacelike 
and timelike respectively. It is apparent from Eq. ([5|) that 
f — t > 0 must be valid everywhere [111. t is the proper 
time for particles which are at rest in the Lemaitre co¬ 
ordinate system. In these coordinates, the singularity on 
the Schwarzschild coordinates corresponds on the equal¬ 
ity 7s = ^{7 — t). and particles cannot remain at rest 
for r < rs [H, [33|. In addition, calculations for the 
Kretschmann scalar lead to R^vpa = 27 ^-t)^ show¬ 

ing that there remains an essential curvature singularity 
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at the origin (where r — t = 0) like the Schwarzschild 
coordinates [H, H^l- After some algebra we have, 


1 + z 

1 - 

( 2rs 

2/3 

\3{r-t)^^ 


Ae \ 

1 - 

( 2rs 

,2/3’ 

\ 

\ 3 ( 7 ’ —^ 

/ 


as the redshift of incoming photon at radii ro = (§(?' — 
2 i 2 i 

emitted at te = — T)E)^rg. Redshift di¬ 

verges at rE = rs due to this fact that there is an event 
horizon at this radii. There is also another singularity at 
{f—t)E = 0 in accordance with the coordinate singularity 
of metric at the origin (r = 0). 

By defining the conformal time t as 


where r was defined in Eq. ©■ Therefore, we have A = 0 
for r = 0 and A ^ 0 for r = rg signalling that there is 
a curvature singularity at r = 0. For the normal to the 
hypersurface, = (|(r — — C = 0, we have 

no = (-1,1,0,0)(f-t)^r|. (12) 

leading to 

nan°‘= {f (13) 

Therefore, r = rs is a null hypersurface which is the 
same as that of (|1]). In order to clarify the nature of 
the redshift singularities, we use the curvature scalars. 
Calculations lead to 


t = 


one can rewrite Eq. © as 

+ [ 


dt' 

a{t') ■ 


dr^ 
1 — 


^dn"^]), 


(7) 


( 8 ) 


where a(t) = and a(t) = for a; = 1 and the 

matter domination era (w = 0) respectively. We have 
also a{t) = for the mysterious dark energy era 

(w = —1). Indeed, the speed of light, as the traversed 
distance in the unit conformal time, is one in this new 
coordinates. Therefore, the universe expansion eras can 
also be modeled by using conformal scale factor a(f) in¬ 
stead of a{t). 

Considering the conformal scale factor a(t), we intro¬ 
duce metric 

dS^L = ^(i)^ - -df'^ — PdiP'^ , (9) 


which is the conformal transformation of metric (|3]) and 
therefore, its corresponding causal structure is the same 
as that of ([1]) 271 which can be found in [s^. This metric 
suffers generally from two singularities at a(f) = 0 (big 
bang) and r = 0 (origin). Simple calculation for the 
redshift leads to 


l + z = 


Aq 

Xe 



( 10 ) 


Redshift diverges at | (r — t) e = rs and | (r — t) e = 0 
the same as the Lemaitre metric. In addition, the FRW 
result is covered in the rs = 0 limit as a desired result. 


Curvature scalars and energy conditions 


Let us calculate the surface area of a hypersurface with 
constant radii r at constant time t 


A = 


a(t)^r^dfl = 47ra(t)^r^, 


( 11 ) 


E = 


6 (d — d(r — t)) 


(14) 


and 


= 12d^ _ dd(12d(r-^ + 16a) 
(r—t) 


i^(l2d^(f-i)^-4ad(r-t) + 12a^) (1^) 

for the Ricci scalar and square. Furthermore, for the 
Rieman and Weyl squares we get 


_ 24d^ I 12d^ —8dd(r—£)-t-12d^ (r— 

8d^-|-24d^d(f-f) I 64 1 ("161 

a-^ir-t) I” 27 a4(f-t)* 


and 


W = 


64 

27a'^(f-tf 


(17) 


It can be seen that, unlike r = 0, none of them diverge 
at r = rs. Therefore, r = 0 is a naked singularity while 
r = rs indicates that we face with an event horizon at 
this radii. Here, we can conclude that r = rs is the 
co-moving radii of the event horizon while its physical 
radii (^) is ^ = a{t)rs in accordance with the FRW 
background. Therefore this event horizon covers the ori¬ 
gin singularity (r = 0). Finally, we should note that 
the FRW results are accessible in the appropriate limit 
((f—t) ^ 1). Bearing the Einstein field equation in mind, 
the energy-momentum tensor supporting the conformal 
Lemaitre metric is as follows. 


/ p 0 0 0 \ 

0 pii 0 0 I 

0 0 P22 0 I 

V 0 0 0 P33 / 


(18) 


where p is the energy density and pu and P 22 {= P 33 ) 
are the pressure components. The energy density and 
pressure components are obtained as follows 

3d^(f — t) — 2ad 

P = 


a'^(r — i) 


(19) 
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Pii 


d^(r — i) + |ad — 2ad(r — i) 
a'^if —T) 


( 20 ) 


P 22 = P33 


d^(r — f) + fact — 2ad{r — t) 
a‘^{f — i) 


( 21 ) 


It is be mentioned that, in the r ^ 1 limit {{f — t) ^ 1), 
these relations converge to those of FRW as a desirable 
expectation. The weak (WEC) and strong (SEC) energy 
conditions state that 


and 


p > 0 

P + Pu> 0, 


( 22 ) 


P + Pu>0 
3 

p + Z) > 0. 

2=1 


(23) 


respectively. Combining Eqs. and HUD and using 
WEC, we see that the p > 0 is valid when radii meets 
the r > (p-)3 = Tp condition. It should be noted that 

h = and (') denotes derivative with respect t. In or¬ 
der to satisfy p-l-p 22 > 0, by combining Eqs. ([5]) and (1211) . 
we get r > = I'r- Since a{t) ^ t and a{t) ^ P 

for the radiation (RDA) and matter (MDA) dominated 
eras respectively, h > 0, h < 0 and thus {h'^ — h) > 
yielding Vp > r^. Therefore, when r meets the r > Vp 
condition, the p > 0 and p -I- P 22 ^ 0 conditions are sat¬ 
isfied, in these regimes, simultaneously. The condition 

3 

P + Pii > 0 leads to — h) + h > 0 which is valid 

r-? 


in the RDA and MDA regimes {h < 0). Moreover, the 



is again valid in the RDA and MDA regimes. Therefore, 
independent of t, the energy conditions are satisfied when 
r meets the r > Vp condition in the the RDA and MDA 
eras. Finally, we should note that since in the FRW limit 
r 5 —> 0, Tp —^ 0 and therefore, the energy conditions will 
be fully satisfied. 

Using the conformal scale factor for the mysterious 
dark energy era introduced in previous section, since H 
is constant in the standard cosmology including a fluid 
with non-negative density and w = — I for describing 
dark energy called cosmological constant 0, 0| , we have 
h = h? > Q. Therefore, p > 0 yields r > rp.In this era, 
P + P 22 > 0 leads to —2h > 0 indicating that this condi¬ 
tion is not valid in this regime. In addition, p -|- pn > 0 
leads to h > 0 which is valid independent of r and i. 
If r meet the r < ( 3^)3 = 21^ condition, then the 

‘in ^3 

3 

p + Pii > Q condition will be also valid. Therefore, for 

2=1 

only the p > 0 and p+pn > 0 conditions are sat¬ 
isfied. Here, we must note that since the values of p and 
Pii converge to those of FRW in the {r — t) ^ 1 limit, the 


energy conditions are asymptotically converged to their 
values in the FRW metric where p > 0, p + Pu =0 and 
3 

p + ^ Pii < 0 are valid for a de-Sitter universe (w = —I) 
01^. The same result is valid in the rg —>■ 0 limit. 


III. CONFORMALLY OUTWARD LEMAITRE 
SPACETIME 


In the previous section, we studied the mathematical 
and physical features of introduced metric which is con¬ 
formal to the Lemaitre metric for a system in which the 
particles freely falling into a gravitational field due to a 
point-like mass M. Here, we extend our analysis to the 
metric which is conformal to the Lemaitre metric describ¬ 
ing a system where particles trajectories move outward 
from the singularity at r = 0. To do this, we should 
choose minus sign in ([3]), and we will get metric ([4]). But, 
here, we have 

/3 _ \ ^ i 

r=\^-^{r + t)j r|. (24) 

Using conformal transformation and after some algebra, 
we get: 


l + z = 


Aq 

Ae 


aitp) 

a{tE) 


I - 

f 2rs ) 

[3(r+t)o J 

I - 

( ^ 

\3ir+t)^ J 


2/3 


2/3 ■ 


(25) 


Again, we see that redshift diverges at {r + t) = 0 and 
{f + t) = rs while the surface area at this radiuses are 
the same as those of obtained in the previous section. In 
addition, for a hypersurface with r = C we hnd 

nan°‘ = (f + t)~rqa{t)~'^{l -(26) 

rs 

indicating that we have a null hypersurface at r = rs the 
same as the previous case. We have also 


R=- 


6 (d -I- d(r -I- t)) 
a^{f + t) 


(27) 


and 




12d^ I aci(16a—12d(f+t)) 
a® ' a'^(r+i) 

d^ (^12d^(f+t)^+4ad('r+i) + 12a^) 


for the Ricci scalar and square. Moreover, 


(28) 


_ 240"^ 12d^-t-Sda(r-t-t)-t-12a^(r-t-t)^ 

, 8d^-24d^d(r-|-t) , 64 1 (29) 

"I ^Tjf+F) 27 Tlpf+tp 


and 


W = 


64 

27a‘^(f + 1)"^ 


(30) 
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are the Rieman and Weyl squares respectively. As again, 
none of them diverge at r = rg. In addition, we note 
that since our spacetime is conformal to the Lemaitre, its 
causal structure is the same that of Lemaitre. Therefore, 
exactly the same as the previous case, r = 0 and r = rg 
point to a naked singularity and the co-moving radii of 
an event horizon respectively, while for the physical radii 
we have ^ = a{t)r. This spacetime implies 

3d^(f + t) + 2ad 

P= - 4 .- , -, (31 

a^yr +1) 


Pii 


a^{r + t) + |ad — 2ad{r + t) 
a'^{f +1) 


(32) 


a?(r + t) + laa-2ad{r + t) 

=-syF+ij-^ 

It can be found that in the (f +1) ^ 1 limit, the results 
of the FRW metric are obtainable. In addition, p > 0 is 
valid everywhere and it is independent of the conformal 
scale factor (a(t)). p + pii > 0 leads to 3(r + f)[d^ — h] + 
7h > 0 which, independent of the expansion regime, it is 
valid . For p + P 22 > 0, we get 3(f + t)[h'^ — h] + Ah > 0 
indicating that this condition is again valid in the RDA 
and MDA regimes as well as the dark energy era. Finally, 
we can show that the p + pii + 2 p 22 > 0 condition leads 
to 3{f + t)[—h] + h > 0. The latter is valid in the RDA 

as well as MDA regimes, since h < 0. In order to satisfy 
3 

p + ^ Pii > 0 in the dark energy era, r should meet the 

i=l 

T < condition. In summary, the validity of the 

energy conditions in the RDA as well as MDA regimes is 
independent of rg, while it depends on the mass enclosed 
by the event horizon located at rg in the dark energy era. 


Loosely speaking, the energy conditions are not valid in 
the dark energy era for r > ■ 

IV. CONCLUSIONS 

Since the Lemaitre transformations of the 
Schwarzschild metric provides the suitable metrics 
for studying the freely moving particles in a gravita¬ 
tional field due to the massive motionless object (M), we 
used this metric to encounter the effects of the universe 
expansion on the horizon. Indeed, the singularity of the 
Schwarzschild metric at the horizon radii is eliminated 
by Lemaitre transformations leading to this fact that if 
one embedded this metric into the FRW background, 
using the conformal transformation, then the resultant 
metric and its physical and mathematical properties 
will be well-defined at this radii. We should note again 
that since we have conformal transformed the Lemaitre 
metrics, the causal structure of the resultant metrics are 
the same as the primary metrics. In addition, the physi¬ 
cal radii of the horizon is increased as a function of the 
universe expansion. Energy conditions are investigated 
for the conformal incoming and oncoming Lemaitre 
metrics. Therefore, unlike other works mentioned in 
the introduction, the conformal transformation of the 
Lemaitre metrics can provide suitable spacetimes for 
investigating the effects of the universe expansion on 
the local physics such as the BHs and thus the dynamic 
Black Holes. 
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